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Abstract. Let M be a smooth manifold and $ a differential 1-form on M 
with values in the tangent bundle TM. We construct canonical solutions 

of Maurer-Cartan equation in the DGLA of graded derivations T>* (M) 
of differential forms on M by means of deformations of d depending on 
This yields to a classification of the canonical solutions of the Maurer-Cartan 
equation according to their type: is of finite type r if there exists r E N 

such that [$, = 0 and r is minimal with this property, where [•, 

is the Frolicher-Nijenhuis bracket. A distribution ^ C TM of codimension 
fc ^ 1 is integrable if and only if the canonical solution associated to the 
endomorphism $ of TM which is trivial on ^ and equal to the identity on a 
complement of ^ in TM is of finite type ^ 1, respectively of finite type 0 if 
k = l. 

If L is a Levi-flat hypersurface in a complex manifold, the Maurer-Cartan 
equation in the algebra of graded derivations leads to an elliptic partial differ¬ 
ential equation of second order relevant to the Levi-flat deformations of L. By 
using this equation, we prove the nonexistence of smooth Levi-flat hypersur¬ 
faces in the complex projective plane. This is a positive answer to a well-known 
conjecture of D. Cerveau. 


1. Introduction 

Let ri be a domain with boundary in C", n ^ 2, fl = {z £ U : p (z) < 0} 
where p is a. function defined in a neighborhood U of dft such that dp 7 ^ 0 on 
dfl. The Levi form introduced by E. E. Levi in m is the Hermitian form 

” 02 

Cp {z, w) = dz dz ^ ^ w £Tf {dVt) 

i,j=l * ^ 

where (dV.) = (dil) fl JT^ {dO) is the maximal complex subspace contained 
in the tangent space Tz {dVi) at z to dO. and J is the standard complex structure of 
C". The semipositivity of the Levi form characterizes the pseudoconvex domains 
of C” ([24], [3], [23]). 

A special situation occurs when the Levi form vanishes, i.e. dVL is Levi-flat. One 
of the oldest results about the Levi-flat hypersurfaces and their connection with 
foliations by complex hypersurfaces is the following theorem of E. Cartan [^: a 
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real analytic hypersurface in C" is Levi-flat if and only if it is locally biholomorphic 
to a real hyperplane in C". This result was generalized for smooth hypersurfaces by 
F. Sommer m-- a smooth real hypersurface L in a complex manifold M is Levi-flat 
if and only if the distribution ^ = TLn JTL is integrable, where J is the complex 
structure of M. 

It is an elementary geometric fact that every smooth compact hypersurface in 
the Euclidean space contains a point of strict convexity. In particular this means 
that there are no smooth compact Levi-flat hypersurfaces in C". However, it can 
easily be seen that the images of affine real hyperplanes of C” in the complex torus 
Tn, are compact Levi-flat hypersurfaces of T„. 

The situation is much more complicated for the complex projective space CPn, 
n ^ 2, and is related to the exceptional minimals for holomorphic foliations of 
codimension I of CP„. 

A classical theorem of Poincare-Bendixson states that every leaf of a foliation 
on the real projective plane accumulates on a compact leaf or on a singularity of 
the foliation. As a codimension 1 holomorphic foliation T on CPn, n ^ 2, does 
not contain any compact leaf and its singular set Sing T is not empty, a major 
problem in foliation’s theory is the following: can JF contain a leaf F such that 
F n Sing F ^ If this is the case, then there exists a nonempty compact set K 
called exceptional minimal, invariant by T and minimal for the inclusion such that 
K n Sing F — The problem of the existence of an exceptional minimal in CP„, 
n ^ 2, is implicit in [4]. 

In [6] D. Cerveau proved a dichotomy under the hypothesis of the existence of a 
codimension I foliation F on CP„ which admits an exceptional minimal 911: 9JI is a 
real analytic Levi-flat hypersurface in CP„, or there exists p € Wl such that the leaf 
through p has a hyperbolic holonomy and the range of the holonomy morphism is 
a linearisable abelian group. This gave rise to the conjecture of the nonexistence of 
smooth Levi-flat hypersurface in CP„, n ^ 2. 

This conjecture was proved for n ^ 3 by A. Lins Neto [21] for real analytic 
Levi-flat hypersurfaces and by Y.-T. Sin [IS] for smooth Levi-flat hypersurfaces. 
The methods of proofs for the real analytic case are very different from the smooth 
case and we will mention below some of this methods and the difficulties to extend 
them for n = 2. 

Let L be a real analytic Levi-flat hypersurface in CP„, n ^ 2. Then CP„\L is 
Stein and the Levi foliation on L extends to a codimension 1 holomorphic foliation 
F on CP„. The singular set of F contains an analytic subset of codimension n — 2. 
Thus this gives a contradiction for n ^ 3 ED. 

Another method of proving the nonexistence of real analytic Levi-flat hypersur¬ 
faces in CP„ is by using the following theorem of A. Haefliger [14]: a compact real 
analytic manifold with finite fundamental group cannot admit a real analytic codi¬ 
mension 1 foliation. A variant of Lefschetz hyperplane theorem proved in ED or 
[22] states that the homomorphism induced by the inclusion Hi (L) —Hi (CP„) is 
an isomorphism for n ^ 3 and this gives a contradiction. But this homomorphism 
is only surjective for n = 2. 

Let now L be a smooth Levi-flat hypersurface in CP„, n ^ 2. Then the normal 
bundle of the Levi foliation is trivial and it follows that its curvature form 0 is 
d-exact. Suppose that for every domain H in CP„ with smooth Levi-flat boundary 
and every i9-closed (0, l)-form smooth up to the boundary, there exists u smooth 
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up to the boundary such that du = f. By using this solution of the d- equation on 
both sides of CPre\L it is possible to find a smooth real function v on L such that 
0 = dbdbV. This gives a contradiction at the point where v reaches its maximum, 
since the normal bundle of the Levi foliation is ample along the leaves as a quotient 
of the tangent space of CP„ (see [IS])- 

For n ^ 3, Y.-T. Siu [IS] proved the existence of the solution of the 9-equation 
by using the fact that the bisectional curvature of CP„ is n — 2-nondegenerate. In 
m, G. M. Henkin and A. Iordan proved existence and regularity properties of the 
solution of 9-equation on pseudoconcave domains with Lipschitz boundaries in CP„, 
n ^ 2, under the hypothesis that / satisfies the so called moment condition: /q / A 
h = 0 for every 9-closed (n,n — l)-form h. The moment condition is verified for 
every 9-closed (0, l)-form if n ^ 3 and this leads to another proof of the nonexistence 
of smooth Levi-flat hypersurfaces in CPn, n ^ 3 m- 

Despite several attempts, the conjecture of the nonexistence of smooth Levi- 
flat hypersurfaces in CP 2 was not solved (see m for a discussion). In fact, the 
nonexistence of smooth Levi-flat hypersurfaces in CP 2 will imply the same result in 
dimensions n ^ 2 by taking hyperplane sections. Recent partial results concerning 
the nonexistence of Levi-flat hypersurfaces in CP 2 may be found in the preprints 
of M. Adachi and J. Brinkschulte [1], |2] and S. Fu and M.-C. Shaw [11] . 

In the paper [7] , the authors studied deformations of Levi-flat structures in com¬ 
plex manifolds and proved as an application the nonexistence of transversally par- 
allelizable Levi-flat hypersurfaces in CP 2 . For this purpose, we elaborated a theory 
of deformations of integrable distributions of codimension 1 in smooth manifolds. 
Our approach was different of K. Kodaira and D. C. Spencer’s in [18], where they 
developped a theory of deformations of the so called multifoliate structures, which 
are more general than the foliate structures (see remark 14 of [7] for a discussion). 

In our approach of [7] , where we considered only deformations of codimension 1 
foliations, the DGLA algebra {Z* {L) ,S, {-, •}) associated to a codimension 1 folia¬ 
tion on a co-oriented manifold L is a subalgebra of the the algebra (A* (L), 6, {-, •}) 
of differential forms on L. Its definition depends on the choice of a DGLA defining 
couple (7, A), where 7 is a l-differential form on L and A is a vector field on L 
such that 7(A) = 1, but the cohomology classes of the underlying differential vector 
space structure do not depend on its choice. The deformations are given by forms 
in (L) verifying the Maurer-Cartan equation and the moduli space takes in ac¬ 
count the diffeomorphic deformations. The infinitesimal deformations along curves 
are subsets of of the first cohomology group of the DGLA {Z* (L), 5, {-, •}). Then 
we adapted this theory to the study of the deformations of Levi-flat hypersurfaces. 

We parametrized the Levi-flat hypersurfaces near a Levi-flat hypersurface in a 
complex manifold and we obtained a second order elliptic partial differential equa¬ 
tion for the first order term of a Levi-flat deformation. In the case of transversally 
parallelizable hypersurfaces, this equation reduces to the Laplace equation and by 
applying the maximum principle, we proved the nonexistence of transversally par¬ 
allelizable Levi-flat hypersurfaces L in a class of compact complex manifolds M 
with sufficiently many holomorphic vector fields, (i.e. for every x ^ y G M, there 
exists a holomorphic vector field Y such that Y (x) = 0 and Y (y) © TyL = M) 
which contains CP 2 - 

In this paper we consider the graded algebra of graded derivations defined by 
Frolicher and Nijenhuis in [10] with the DGLA structure defined by K. Kodaira 
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and D. C. Spencer in [18]. We recall its definitions and properties in the second 
paragraph. 

In the third paragraph, we construct canonical solutions of the Maurer-Cartan 
equation in this algebra by means of deformations of the d-operator depending 
on a vector valued differential 1-form $ and in the fourth paragraph we give a 
classification of these solutions depending on their type. A canonical solution of 
the Maurer-Cartan equation associated to an endomorphism $ is of finite type r if 
there exists r € N such that [$, = 0 and r is minimal with this property, 

where is the Frolicher-Nijenhuis bracket. We show that a distribution ^ 

of codimension fc on a smooth manifold is integrable if and only if the canonical 
solution of the Maurer-Cartan equation associated to the endomorphism of the 
tangent space which is the trivial extension of the fc-identity on a complement of f 
in TM is of finite type ^1. If ^ is a distribution of dimension s such that there 
exists an integrable distribution of dimension d generated by we show that 
there exists locally an endomorphism $ associated to ^ such that the canonical 
solution of the Maurer-Cartan equation associated to $ is of finite type less than 
r = min {mSN: m^^}. 

A part of the results of these paragraphs will be used in the last paragraphs 
to prove the nonexistence of Levi-flat hypersurfaces in CP„, n ^ 2. For a fam¬ 
ily of Levi-flat deformations of a Levi-flat hypersurface L in a complex manifold, 
the canonical solutions of the Maurer-Cartan equation in the algebra of graded 
derivations associated to an endomorphism which corresponds to a canonical DGLA 
defining couple, lead to a second order elliptic partial differential equation relevant 
to the Levi-flat deformations of L. The strong maximum principle of Hopf for the 
solutions of this equation implies a rigidity property for the Levi flat deformations 
and in the case of CP„, n ^ 2, this gives a contradiction. 

More precisely, we suppose that L is a Levi-flat hypersurface in CP„ and Y a 
holomorphic vector field on CP„. We consider the Levi-flat deformation of L given 
by where is the flow of Y. Following our parametrization of 

hypersurfaces near L, this deformation is given by a family of smooth real valued 
functions on L. By using a diffeomorphism : L —>• 'i'Y (L), we 

construct a DGLA defining couple > ^aY ) ^ foliation on L which is dif- 

feomorphic to the Levi foliation on (L). Since the codimension 1 foliations are 

associated to the canonical solutions of type 0 of the Maurer-Gartan equation in 
the algebra of graded derivations, we show that the function satisfies 

an elliptic second order partial differential equation along the leaves of the Levi fo¬ 
liation on L. The strong maximum principle of Hopf implies that is constant on 
the leaf through the point where reaches its maximum. If L is real analytic this 
leaf is dense in L and so is constant. But this gives a contradiction by choosing 
Y tangent to L at a point Xq € L and normal to L in another point yo G L. 

The same method gives the nonexistence of Levi-flat hypersurfaces of class 
in CP„, by choosing xq, yo as points in the minimal compact subset invariant by 
the Levi foliation. 


2. The DGLA of graded derivations 

In this paragraph we recall some definitions and properties of the DGLA of 
graded derivations from [10], [18] (see also [20]). 
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Notation 1. Let M be a smooth manifold. We denote by A*M the algebra of 
differential forms on M, by X (M) the Lie algebra of vector fields on M and by 
A*M ®TM the algebra of TM-valued differential form on M, where TM is the 
tangent bundle to M. In the seguel, we will identify A^M ®TM with the algebra 
End{TM) of endomorphisms of TM by their canonical isomorphism: for a S 
A^M, X,Y gX (M), (cr (8) X) (y) =a{Y)X. 

Definition 1. A differential graded Lie agebra (DGLA) is a triple (V*, d, [•, •]) such 
that: 

1) V* = where is a family of C-vector spaces and d : V* ^ 

V*is a graded homomorphism such that d^ = 0. An element a € is said to be 
homogeneous of degree k = deg a. 

2) [•,•] : V* X V* ^ V*defines a structure of graded Lie algebra i.e. for homo¬ 
geneous elements we have 


and 

[a, [ 6 ,c]] = [[a, 6 ],c] + (-l)'''=®“‘'^®'’[ 6 , [a, c]] 

3) d is compatible with the graded Lie algebra structure i.e. 

d [a, b] = [da, b] + (— 1 )'^®®“ [a, db]. 

Definition 2. Let {V*,d, [■, •]) be a DGLA and a . We say that a verifies the 
Maurer-Gartan equation in (F*, d, [•, •]) if 

da + - [o, a] = 0 . 

Definition 3. Let A = ©fegzAfe be a graded algebra. A linear mapping D : A ^ A 
is called a graded derivation of degree p = \D\ if D ■. Ak ^ ^fe+p and D [ab) = 
D(a)5+ ( 6 ). 

Definition 4. Let M be a smooth manifold. We denote by V* (M) the graded 
algebra of graded derivations of A* M. 

Definition 5. Let P,Q be homogeneous elements of degree |P|, \Q\ of'D*{M). 
We define 

[p,Q] = 

-|P=[d,P]. 

Lemma 1. Let AI be a smooth manifold. Then {V* (M), [•, •] ,1) is a DGLA. 
Definition 6 . Let a G A*M and X € X(M). We define 'I-a®x by 

(2.1) Ca^xcr = a A Cxa + (—1)^“' da A ixa, a € A* (M) 

(2.2) = a A cr G A* (M) 

where Cx is the Lie derivative and lx the contraction by X. 

For 4) G A*M © TM we define P$ as the extensions by linearity of i2.1\} . 
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Remark 1. Let ui & h? {M), Z G X (M) and a G {AI). Then for every X,Y G 
X{M) 

(X, y) = (w A Lza) {X, Y) = a (Z) tv {X, Y) = a ((w ® Z) {X, F)). 

By linearity, for every $ G A^M ® TM, a G A^ (AL), X,Y G X (M) we have 

X^aiX,Y) = ai^iX,Y)). 

Lemma 2. For every $ G A^M ®TM, £$, 1$ G V* (M), |£$| = k, |X$| = fc — 1. 

Notation 2. 

C{M) = {C,s,: $ G A*M® TM}, X(M) = {X$ : G A*M ®TM} . 

In [TU] the graded derivations of C (M) (respectively of I (M)) are called of type d, 
(respectively of type 

Lemma 3. (1) For every D G T>^ {M) there exist unique forms $ G A^M (g) 

TM, G A^+^M ® TM such that 

D = £$ + Xij>, 


so 

V* (M) = £(M)©X(M). 

We denote £$ = £ (D) and Iq, = 3 (D) 

(2) For every $ G A*M 'Z)TM 

(2.3) ■1(-1)''^'X$ = [X3>,d] = £$. 

( 3 ) 

£(M) = kerl. 

Notation 3. We denote by 't\ :T>* (M) V* (M) the mapping defined by 

H{D) = (-l)l^lx(£)) 


Remark 2. 


Indeed for D 


/d = “IH + HI. 

£$ +X^ gV* {AI), by using Lemma\^ we have 


(IK + K“I) (£>) = ("IK + K1) (£$ + X^.) = 1 (-l)l‘^l X<i.+K (-l)''^' = £<i,+X^ = D. 

Lemma 4. (1) Let D G T>* (M). The following are equivalent: 

i) DgX{M); 
li) D\A^{M) =0; 

Hi) D {fuj) = fD [uj) for every f G (M) and uj G A* (M). 

(2) The mapping £ : A*M ® TM -G T>* (M) defined by £ (4>) = £$ is an 
injective morphism of graded Lie algebras. 


Remark 3. d GV^ (M) and 

d ■^/dT(M) ~^d'Idrp(/^y 

By Lemma[l]and the Jacobi identity, for every $ G A^M ®TAI, G A^M®TM 
we have 

"I ([£$,£51]) = [d, [£$, £>ii]] = [[d, £$], £51] + (— 1 )^ ^ [£$, [d, £51]] 

= [~I£$,£iii] + (—1)^'^^ [£$,"!£$] = 0, 
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SO there exists a unique form [$, ip] € ® TM such that 

(2.4) [£$,£4,] = £[<1,^^]. 

This gives the following 

Definition 7. Let $, 41 € A*M ®TM. The Frolicher-Nijenhuis bracket of ^ and 
lit is the unique form [$, G A*M 0 TM verifying {2.4^ . 

Lemma 5. Let <i)i € M ® TM, $2 G A'^^M ® TM, 411 G A'^^+^M (g) TM, '^2 £ 
A'^^+iM (g) TM. Then 

[£$1 +T,I,j,£$2 + 21,1,2] = £[,J^ 

In particular 

(2.5) [T$,T^] =Ti^,p - (-l)(l^l+')(l'^l+')Tr^$; 

(2.6) [£$,X^,] = - (-l)l‘^l(l'^l+i) £ 1 ^^; 

[l3,,£$] = £i.j,$ - (-1)''®’' 

Definition 8. Let 4) G A^M®TM. The Nijenhuis tensor o/$ is A^$ G A^M®TM 
defined by 

{X, Y) = [$x, $F] + $2 [a:, r] - $ [<i>x, r] - $ [a:, $r], a:, r g x (m) . 

Proposition 1. LetoG A'^ (M), /3 g A' (M), X,Y e X{M).Then: 

( 1 ) 

[a (g) Al,/3 ig = a A ^ (g) [X, F] + a A £x/3 0 T — £yQ! A ^ (g) AT 

+ (—1)^ (rfo A lxI3 ® F + LyOi A dfd ® X). 

(2) Let 4>, 4- G A^M (g) TAI. Then 

[4>, 4-]^^ {X, Y) = [$F, 4'F] - [4>F, 4-AT] - 4- [4-AT, F] + 4- [4-F, F] 

-$ [4'F, F] + $ [4'F, F] + ^4' (4> [F, Fj) - ^4' (4> [F, Fj) 

+ i$(4'[F,F])-i$(4'[F,F]) 

= [$F, 4'F] + [4'F, $F] + 4> (4' [F, F]) + 4' (4> [F, F]) 

-4> [4'F, F] - 4> [F, 4'F] - 4' [4>F, F] - 4' [F, 4>F]. 

In particular 

[$, 4-]^^ (F, F) = 2 ([$F, $F] + 4-2 [F, F] - $ [$F, F] - 4> [F, $F]) = 2F<i, (F, F). 

3. Canonical solutions of Maurer-Cartan equation 

Definition 9. Let 4> G A^M ® TM. 

a) Let a G A^’M. We define 4>cr G A^AI by 4>cr = a if p = 0 and 

($(T)(Fi,...,Fp)=(T($Fi,...,4>Fp) ifp^l, Fi,...,Fp gX(M). 
b) Let 41 G A^M (g) TM. We define 4)4' G A^AI (i)TM by 4)4) = 4) if p = 0 and 
$4'(Fi,...,Fp) = $(4'(Fi,...,Fp)), Fi,...,Fp gX(M) ifp^l. 
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Lemma 6. Let $ S A^M 0 TM, G A^Af 0 TM. Then 

1^$ = $1]/. 

Proof. It is sufficient to prove the assertion for 'I' = Q;0X,$ = /30y, asA^ (-^)j 
/3 G Ai (A/), X,Y G A(M). 

For every Z\,Zi G A (M) we have 

0 y) (a 0 A) (Zi, Zz) = (/3 0 y) (a (^1,^2) 0X) = /3(X)a (^1,^2) 0 y 

Since 

^a0x/3 0 y = (Xa0x/3) 0 y = /3(X)a0Y, 
the Lemma is proved. □ 

Definition 10. Let D G {M) and $ G A^M ®TM invertible. We define 
: A*A/ A*M by (a) = <^-^D ($cr). 

Lemma 7. Let D G (At) and G A^AL ® TM invertible. Then G 

L>'= (A/). 

Proof. Let a € M (M), 77 G A"^ (-^)- Since $ (ct A 77) = ihcr A <i>77, it follows that 
(<i)“^L)<i)) {a Arj) = (<i) (cr A 77)) = (ihcr A $77) 

= <1)“^ ^L)$(t a <i>77 + (—1)^^ $(T A D^rj^ 

= Ar] + {—1)^'^ a 

□ 

Notation 4. Let ^ & X^M ®TM such that i?$ = IdrM + $ *s invertible. Set 

dip = PipdR^ j 

e$ = d$ — d 

and 

The following Theorem is a refinement of results from [8] and [9] : 

Theorem 1. Let <1) G A^Af 0TAL such that i?$ = IdT(xi) + ‘h *s invertible. Then 

(3.1) 6$ = Cp +!(,($). 

Proof. Since both terms of (I3T| are derivations of degree 1, it is enough to prove 
(13.11) on A° (AL) and A^ (AL). 

Let / G AO (At) and A G A (At). Then 

(3.2) 

d$/ (A) = (it^dttjV) (A) = (i?$d/) (A) = df {IdTM + $) (A) = df {X)+df ($ (A)). 

If a G Ai (At), A G A (At), by (lOl . 

(d/) (A) = (a 0 iydf) (A) = df (A) (a (A)) = d/ (a 0 A) A 
and by linearity we obtain 

L$ (d/) (A) = df (<!> (A)). 

So, from (13.21) it follows that 

d$/ (A) = df {X)+Iip {df) (A) = (d + [L$, d]) / (A) = (d + £$) / (A) = (d + U) f (A). 
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Since 1$ is of type i*, 1$/ = 0 and therefore m is verified for every / S A° (M). 
Let now cr G {M). 

We will prove firstly that 

(3.3) (a) (X, y) = -a (X, Y)^ . 

By using Remark [3l we have 

^[ldTiM),IdT^M)] ~ [^ddT(M)^ ^ldT(M)] = d] = 0 

and 

[£$, £/dT,(M)] = = "!£$ = 0. 

So 

[i?$, = [idT(M) + ‘J’l IdT(M) + 

and by Proposition [T] 

(3.4) 2iVfl;^ = = 2N^. 

By Remark [1] it follows that 

and (1531) is proved. 

We will compute now £$tT, d^cr and !{,($)c- 
We remark that (12.31) gives £$<7 = [X$,d] (cr) and thus 


£$ 0 - = [1$, d] (cr) {X, Y) = {T^da) (AT, Y) - d (X$cr) (X, Y) 

= da ($X, Y) + da (X, <PY) 

-X ((X^a) (Y)) + Y ((X^a) (X)) + (X^a) [X, Y] 

= (^X)(a(Y))-Y(a(^X))-a([^X,Y]) 

+X (a (4>y)) - ($y) (a (X)) - a ([X, 4>y]) 

-X (a ($ (X))) + y (a ($ (X))) + a ($ ([X, X])) 

(3.5) = (<i>x)(a(y))-($y)(a(x)) + a($([x,y])-[$x,y]-[x,<i>y]), 

d$cr (X, y) = (i?$di?ji) a (X, Y) = (dR^^a) (R^X, R^Y) 

= (i?$x) ((i?;V) (i?$y)) - (i?$y) ((r;V) (r^x)) - i?-V ([r$x, r^y]) 

= (R^X) (crX) - (i?<j>y) (crX) - cr (rj^ ([i?<i,X, R<j.y])) 

= (X + $X) (crX) - (y + $y) (aX) - a ([R<i,X, i?<i.y])) 

= ($X) (ctX) - ($y) (ctX) + X (crX) - y (aX) - a (i?ji ([R<I.X, i?<i,y])). 


(3.6) 
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By developping (I3.3p we have 


(X,y) 


(3.7) 


-a{R^^NR^ iX,Y)) 

a R^Y]) + i?$ [X, Y] - [R^X, F] - [X, R^Y]) 

a {R^^ {[R^X, R^Y])) + a ([X, F] + $ [X, F]) 

-fT ([X, F] + [$X, F] + [X, F] + [X, $F]) 

a {R-^ i[R^X, R^Y])) + a ($ [X, F] - [X, F] - [$X, F] - [X, <i>F]) 
-ai[X,Y] + [^X,Y] + [X,^Y]). 


Since 


da {X, Y) = X (crF) - F (aX) - a [X, F], 

by comparing (1331) . (1361) and (1371) it follows that dSU is verified for each form in 
A^M and the Lemma is proved. □ 


Theorem 2. Let $ S A^M ®TM such that i?$ = Idj^^M) + $ invertible. Then: 

i) e$ is a solution of the Maurer-Cartan equation in {V* {M ), [•, •],"!). 

a) Let di G A^M®TM such that D — C^+I^i is a solution of the Maurer-Cartan 
equation in {V* (M ), [•, •], “I).^ Than = b ($). 

Proof, i) Since [d, d] = 0, [i?$di?J^, i?$di?J^] = 0, and [d, i?$di?J^] = [i?$di?J^,d] 
it follows that 

"le$ + — e< 3 >] = [d, i?$di?^^ — d] + — [i?< 3 >di?^^ — d, i?tj>di?^^ — d] 

= [d, i?$di?J^] — [d, i?$di?J^] =0. 

ii) Let D — £$ +1^, $ € A^M i^TM, ih G A^M ®TM. By using Lemma [1] 
and Lemma Owe have 

~IZ? = ~H\i( = C-^ 


[Z?,D] — [/!<]) +X\i/] —/![<]> + 2 [>C<i),Ixp] + 


so 

~\D + - [D, D]= ^2:4,4>) + ^ , T'l] . 

It follows that 

-C + 2 + 2'^[‘L,<I>]^Ar 

and 

U ^“IL> + - [D, U]^ = I[<i, . 

Suppose that D = £$ + Iif verifies the Maurer-Cartan equation. Then 

Since C is injective, this implies 
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By Lemma | 6 ] we obtain 

^ ^ = 0 , 

which is equivalent to 

^ {Id-TM + [$, = &($). 

□ 

Definition 11. Let $ € K^M ® TM such that IdT(M) + $ is invertible. e$ is 
called the canonical solution of Maurer-Cartan equation associated to <i>. 


4. Canonical solutions of finite type of Maurer-Cartan equation 

Theorem 3. Let $ € A^M ^TM small enough such that YlT=o ~ 

(/c?'r(M) +4*) ^ G A^M ®TM and e$ the canonical solution of Maurer-Cartan 
equation associated to $. Then 

a) e$ = X]fe=i Ik! where jj. G (M) are defined by induction as 

7i = £<1., = - (-1)'" i H ([7p, 7^]) , fc > 2. 

(p,g)eN*, p+(j=fc 


b) 


c) 


7fc — ( 1) 


fc > 2. 


OO 

=y^7fc- 

k=2 


Proof. We remark that for r > 2, 7^ G X{M), so bv 12.51 it follows that [7^,7^] G 
Z (M) for p, g > 2. Since H |i(m) = 0 we have H ([ 7 ^, 7 ^]) =0 for p,q^ 2 and so 

(4.1) 7 ^ = -(-l)’'iH([7i,7^_i] -t [7u7r-i]) = -(-1)’’^ [7i,7r-i] , r ^ 2. 

We will show by induction that for every r ^ 2 


(4.2) 

Suppose that for every r ^ 3 


Ir ~ ( 1 ) 


Ir-l — - (“ 1 ) 3 [$,$]■ 


Then 

(4.3) 


H [7l,7r-l] = ^ 


£$, ( 1) 3 [<!),$] 


and bv 12.61 we have 
(4.4) 
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So, from ()4.3|) and ()4.4p we obtain 

1 


(4.5) H[7i,7,_i] = -2(-ir ' ^ 




2 




But by Lemma ini 

and g21) is verified. 
It follows that 




' [$, $] 




A{4.) - 


= E- 






fe=0 


k-2 


By Theorem 13.11 

oo 

-\- Zfc($) = y^7fc 

k^l 

and the Proposition is proved. □ 

Definition 12. Let 4) G A^M ®TM small enough such that “ 

[idxf^M) + 4>) ^ G A^M ® TM and e$ the canonical solution of Maurer-Cartan 
equation associated to 4>. e$ is called of finite type if there exists r G N (/’$’’ [4>, 4)]_p^ 
0 and of finite type r if r = min {s G N : [4), 4>]_p^ = 0}. 

Remark 4. Lete^ the canonical solution of Maurer-Cartan equation corresponding 
to 4> G A^M ®TM. Suppose that e$ is of finite type r. Then 

r+1 

6 $ = J2^k- 

k=l 

Proposition 2. Let 4> G A^M C)TM such that Rg> is invertible. The following are 
equivalent: 

i) The canonical solution e$ of Maurer-Cartan equation coresponding to 4> is of 
finite type 0. 

ii) e$ is ~\-closed. 
in) dg, is ~\-closed. 
iv) = 0. 

Proof, i) ii) Suppose that the canonical solution e$ of Maurer-Cartan equa¬ 

tion coresponding to 4> is of finite type 0. Then by Remark |4] it follows that 

e<ii = 7i “ '^3’ 

and by Lemma [2] it follows that e$ is 1-closed. 

Conversely, suppose 1e$ = 0. By using again Lemma [2] it follows that e$ G 
C {M). In particular !;,($) = 0, so [4), 41]^^ = 0. 

ii) in) We have d = ~ Since = d^ — d the assertion 

follows. 

i) iv) By Proposition [2 [$, 4i]^_^ = 2N^ so = 0 if and only if 

= 0- a 


MAURER-CARTAN EQUATION 


13 


By using Proposition [2] we obtain: 

Corollary 1. Let M be a smooth manifold and J an almost complex structure on 
M. Then the canonical solution associated to J is of finite type 0 if and only if 
Nj = 0, i.e. if and only if J is integrable. 


Theorem 4. Let M be a smooth manifold and f C TM a distribution. Let f C TM 
such that TM = ^ ^ and consider $ £ End(TM) defined by ^ — 0 on f and 

^ = Id on f. Then: 

(1) The canonical solution associated to $ is of finite type 0 if and only if ^ 
and ^ are integrable. 

(2) The canonical solution associated to $ is of finite type 1 if and only if ^ is 
integrable and f is not integrable. 

(3) If is not integrable then [$, 7 ^ 0 for every k £N. 

Proof. Let Y,Z £ Since $* = $ for every fc ^ 1 and = 0, 

(4.6) = + = $([F,z]). 

Suppose that the canonical solution associated to $ is of finite type < 1. Then 
$ [$, (F, Z) = 0 for every Y,Z £ £_ and by (14.61 it follows that [F, Z] £ 

Therefore ^ is integrable by the theorem of Frobenius. 

Suppose now that £, is not integrable. There exist Y,Z £ ^ such that [F, Z] ^ £^. 

By (14.61) we obtain 

(F, F) = $'=([$F,$Z] + $'=+2[F,F]-4>'=+^[$F,F]-$'=+1[F,$F]) 

= $([F,F])^0 

for every k ^ 1. 

Conversely, suppose that ^ is integrable. Then for every V,W £ ^, we have 
[F, IF] G so $ ([F, IF]) = 0. Since $ [TM) C C,, for every F G TM, there exist 
unique Vj G ^ and Fj G C such that F = + F^, and $F = F^. Since <!)'' = $ for 
every fc ^ 1, 


(4>[4>,$]^_;^)(F,1F) 


<i>([$,4>]^^(F,fF)) 

F ([$F, $VF] + [F, IF] - F [$F, VF] - $ [F, FIF]) 

‘J’ ([n> Wd) + ^ ([Ff + Fc, IFf + IFc]) 

-$ ([Fc, IFj + IFc]) - ^ ([F« + Fc, IFc]) 

F [Fc, VFc] + F [Fc, IFc] + $ [Fc, IFcl + ® [F;, IFc] 
-$ [Fc, IFc] - F [Fc, IFc] - 4> [Fj, IFc] " ‘J’ [F;, W^c] 

0 


and it follows that the canonical solution associated to $ is of finite type ^ 1. 

If f is integrable too, $ [Fc, IFc] = [Fci for every F, IF £TM and 

([$, (F, IF) = [FF, FIF] + [F, IF] - $ [$F, IF] - F [F, $IF] 

= [Fc, IFc] + ^ [Fc + Fc, IFc + F"c] 

-F [Fc, IFc + IFc] - $ [Fi + Fc, IFc] 

= [Fc, IFc] + ^ [F© ^ [Fc, IFc] " ^ [F© IFd - $ [Fc IFc] = 

so the canonical solution associated to $ is of finite type 0. 
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If ^ is integrable and ( is not integrable, there exists Y,Zg( such that [F, Z] ^ (, 
so 

= [<!>¥, <1>Z] + <1>^[Y,Z]-<!>[<PY,Z]-<1>[Y,<PZ] 

= [F, F] + $ [F, F] - $ [F, F] - $ [F, Z] = [F, Z] - $ [F, Z] ^ 0 
and the Theorem follows. □ 

Corollary 2. Let M be a smooth manifold andf gTM a co-orientable distribution 
of codimension 1. There exist X G X{M) and 7 S (A/) such f = ker 7 and 
= 1- We have T (M) = ^ © R [X] and we consider $ G End (TM) defined by 
d* = 0 on f and ^ = Id on R [AT]. Then the canonical solution associated to $ is 
of finite type 0 if and only if f, is integrable. 

Proof. We apply Proposition |4] for 77 = R [AT] which is obviously integrable. □ 

Theorem 5. Let M be a smooth manifold of dimension n and f,TCTM distribu¬ 
tions such that We consider ri,f CTM distributions such that r = ^©77 and 

TM = T (B C and let A : rj ^ f , B : rj ^ rj such that ^ = keritl, where K : t ^ t 
is defined by K = 0 on f and K = A -\- B on rj. IFe suppose that there exists a 
natural number mfil such that K™‘ = 0. Let $ G End{TM) defined by ^ = K 
on T and ^ = Id on C,. The following are equivalent: 

(1) T is integrable. 

(2) The canonical solution associated to $ is of finite type ^ m. 

Proof. We have 



/ 

dim^ 

dim 77 

K = 

dim^ { 

0 

A 


y dim 77 { 

0 

B 


( 

din^ 

dimC 

$ = 

dim T { 

K 

0 


V dimC { 

0 

Id 


So AT'" = 0, = 0 on T and d)™ = Id on (. 

Let F, Z G TM, Y = Y^ + F^, F^ = F^ + F^, Z = Z^ + Z^;, Z^ = Z^ + Z^, 
Y^,Z^ G Y.rj,Zjj G rj, Y(^,Zi^ G C- We have <1)™+-? = for every j G N, so 

[d>, [F, Z] = ([$F, d>Z] + $2 z] _ $ [$y, Z] - $ [F, $Z]) 

(4.7) = [4>F, 4>Z] + [F, Z] - [$F, Z] - 4 >™ [F, 4>Z] . 

Suppose that r is integrable. Since ^ = ker 4), 

$F = 4>F^ + 4>Fc=AF^ + BF^ + Fc = a+Fc, 

$Z = ^Zj^-B ^Zq = AZr,-B BZr,-B Zq = Dr-BY q, 

where Ct = AY^^ + BY^i G t and = AZ^ + i?Z^ G t. Since t is integrable, 
[Cr, Dr]GT = Ker 4>™, so 4>™ ([C^, L>r]) = 0 and 

(4.8) [$F, $Z] = ([a, Z^]) + ([F^, Dr]) + ([Fj, Z^]). 

Similarly, since [F,-, Z,-], [Cr, Zr ], [F,-, Dr] G t = Ker 

(4.9) 

[F, Z] = ([F, + Fc, Z, + Zcl) = d-"* ([Fc, Zr])+<^^ ([F,, Z^])©®"* ([F^, Z^]), 
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(4.10) 

z] = [a + ic, + ^c] = [Cr, ^c] + [U: [U: ^c] ■ 


(4.11) 

$"* [Y, $Z] = $"* [F^ +Y^,Dr + Z^] = [If, Dr] + [Fr, Ff] + [Ff, Zf] 

Replacing (14.811 . (14.9|) . ()4.10ll . (14.111) in (14.711 we obtain 

(4>™[4>,$]^_^)[F,Z] = 4>™([a,Zf]) + $-([Ff,l^,]) + 4>™([Ff,Zf]) 

+$- ([Ff, Z.]) + ([F., Zf]) + ([Ff, Zf]) 

- (4>™ [a, Zf] + [Ff, Z,] + [Ff, Zf]) 

- ($™ [Yc,Dr] + [F,, Zf] + [Ff, Zf]) 

= 0 , 

and it follows that the canonical solution associated to 4> is of finite type ^ m. 

Conversely, suppose that the canonical solution of the Maurer-Cart an equation 
associated to $ is of finite type fc ^ to, i.e. [4), 4>]^^ = 0. We will prove that 
[F, Z] S r = Ker 4)™ for every F, Z G r by taking in acconnt several cases. 

a) Let F, Z G Then 4)F = 4>Z = 0 and by using (14.71) we obtain 

4>™ [4>, 4-]_;pj^ ([F, Z]) = 4>™+2 [F, Z] = 4>™ [F, Z] = 0. 

So [F, Z] G r. 

b) Let F G Z G r, Z = Zf -f Z^. Then 

(4.12) [F,Z] = [F,Zf] + [F,Z,,]. 

By a) [F, Zf ] G t and from (14.1211 it follows that [F, Z] G r if and only if [F, Z^] G t. 
Since 4)F = 0, by using gH) we have 


[4>, 4>]^_^ ([F, Z^]) = [4>F, 4>Z^] + 4>2 [F, Z^] - 4> [4>F, Z^] - 4> [F, 4>Z^] 

= $2[F,Z,]-4>[F,4>Z,], 

and 

4>-[4>,4>]^^([F,Z,]) = 4>-[F,Z,]-4>-[F,$Z,] 

= $'"([F,(/d-4>)Z,,]) =0. 

In particular [F, {Id — 4>) Z^] G r for every Z,, G rj. 

But 


(4.13) det {Id — 4>|,j) = det {Id — B) = 1, 

so for every G 77 there exists G rj such that = {Id — ^) Z^^. It follows that 
[F, Z] G T for every F G ^ and Z G r. 

c) Let Y, Z G T, Y = Y^ + Yri, Z = Z^ + Zrj, Y^, Z^ G ^ Yri, Zri G rj. Since 

[F, Z] = [Ff + Y^, Zf + Z^] = [Ff, Zf] + [Y^, Zf] + [Ff, Z„] + [F„, Z^] . 

and [If, Zf], [F^, Zf], [Fj, Z^] G r it follows that [F, Z] G r if and only if [1^, Z^] G r. 
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We have 

= [AYr, + BYr,, AZ^ +BZri]+ $2 ^ Zr,] 

[AYr, + BY^, Z^] - $ [Yr,, AZr, + BZr,] . 

Since AY^^, AZr^ S ^ it follows that [AYr^,AZr ^], i?Z^], AZ ^^], [AF^, , [F^, AZ^] £ 

r = ker and 




Ik™ [BYr,, BZ„] + [F^, Z^] - Ik™ [BF^, Z^] - [F^, BZ^] 

[F^, (/d - B) Z„] - [BF^, (Id - B) Zr,] 

d>™ [(/d - B) F^, (Id - B) Zr,] = 0 


for every Yj,, Z^, £ 77 . 

As before, by (14.131) it follows that [F^, Zr,] = 0 for every Y,,,Zr, £ 77 and this 
implies that [F, Z] £ r for every Y, Z G t. □ 


In order to compute the type of the canonical solution of Theorem [5] we need 
the following elementary lemma: 


/ 


K = 


Lemma 8. Let 

d — . 

s { 0 A 

y d — s { 0 B 

a (d, d) nilpotent matrix of rank d — s > 0, s ^ 1. Set r = min {771 £ N : AT"* = 0}. 
Then r = min {m£N: m^^}. 

Proof. Since K is nilpotent of maximal rank we may suppose that 

^ d — s 

K= s { 0 Id 

^ d — s { 0 0 

By induction it follows that if d — js > 0, we have 

/ js d-js 

— js { 0 

y d-js { 0 

and = 0 for each j £ N* such that d — js ^ 0. □ 


Id 

0 




Notation 5. Let f G TM a distribution. We denote by ff the smallest involutive 
subset ofTM such that f, C f,*. If £ = {Xi, ■ ■ •, Xg} are generators off on an open 
subset Lf of M, then for every x G U, f* is the linear subspace of T^M generated 
by [X,r,[Xi^, [■ ■ tX.J]] (a;), k ^ 1, 1 ^ 4 < s. 

Remark 5. If dim f* is independent of x, f* is a distribution, but in general dim^* 
depends on x. Iff* is a distribution, then f* is the smallest integrable distribution 
containing f [SH] . 

Corollary 3. Let M be a smooth manifold of dimension n, f G TM a distribution 
of dimension s such that f* is a distribution of dimension d. Then for every x G M 
there exists a neighborhood U of x and $ £ {U, TU) such that the canonical 

solution of the Maurer-Cartan equation associated to $ is of finite type ^ r, where 
r = min {m£N: 
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Proof. If f is integrable, d = s, r = 1 and the corollary follows from Theorem ID 
Suppose that ^ is not integrable, i. e. d > s. For each x G M there exists a 
neighborhood U oi x and a basis {Xi, ■ ■ •, X„) of TM on U such that {Xi, ■ ■ •, 
is a basis of ^ and (Xi, • • •, X^) is a basis of on U. 

We define $ € End (TU) as $Xi = 0,7= 1, • • •, s $ (X^) = Xi_s, i = s +1, • • •, d, 
$ {Xi) = Xi, 7 = d + 1, • • •, n. Then the matrix of $ in the basis (Xi, • • ■, X„) is 


where 


$ = 


K = 


d { 

77 — d { 


S { 

\ d-s{ 


K 

0 


7 — d 

0 

Id 


d — s 

Id 

0 


Since r ^ 2, by Lemma [5] and Theorem [SJ the canonical equation solution of the 
Maurer-Cartan equation associated to $ is of finite type ^ r. □ 


5. Deformations of foliations of codimension 1 


Definition 13. By a differentiable family of deformations of an integrable distri¬ 
bution ^ we mean a differentiable family lo : T> = {^t)t^i t G I =] — a, a[, a > 0, 
of integrable distributions such that = uj~^ (0) = 

Remark 6. An integrable distribution ^ of codimension 1 in a smooth manifold L 
is called co-orientable if the normal space to the foliation defined by ^ is orientable. 
We recall that ^ is co-orientable if and only if there exists a 1-form ^ on L such 
that ^ = ker 7 (see for ex. [13]/ A couple ( 7 ,X) where 7 G (L) and X is a 
vector field on L such that ker 7 = C o,nd 7 (X) = 1 was called a DGLA defining 
couple in [7|. 

is a differentiable family of deformations of an integrable co-orientable 
distribution then the distribution is co-orientable for t small enough. So, 
if ^ is an integrable co-orientable distribution of codimension 1 in L and 
is a differentiable family of deformations of ^ we may consider a DGLA defining 
couple ( 7 (,Xt) for every t small enough such that t i-A ( 7 (,Xt) is differentiable on 
a neighborhood of the origin. 

Lemma 9. Let L be a C°° manifold and ^ C T (L) a co-orientable distribution of 
codimension 1. Let ( 7 ,X) be a DGLA defining couple and denote $ G End{TM) 
the endomorphism corresponding to ^ ® X G A^M (8) TM. Then $ is defined on 
TM = ^ © K [X] as $ = 0 on ^ and $ = Id on K [X]. 


Proof. Let Y = Y^-\- AX vector helds on L, 1/ G A G K. Then 
{7 © X) (y) = 7 (F) X = 7 (Fj + AX) X = AX. 


□ 


Lemma 10. Let L be a C°° manifold and ^ C T (L) a co-orientable distribution 
of codimension 1. Let ( 7 ,X) be a DGLA defining couple. Then the following are 
eguivalent: 

i) ( is integrable; 
a) dj = —ixdj A 7 . 
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in) [7 ( 8 ) X, 7 (g) X]jrj^ = 0 . 

Proof, i) zi) is a variant of the theorem of Frobenius and it was proved in [7]. 
ii) in). We have 

[7 (g) X, 7 (g) ^ A Cxi ® X — Cxi ® X — {d') A Lxl ® X + ix^ f\d'y ® X) 

= 27 A Cxi ® X — 2di g) X = 2 (7 A dixl + 7 A bxdi — di) g) X 
= 2 (7 A Lxdi — di) g X. 

□ 


We recall the following lemma from [7]: 

Lemma 11. Let L he a C°° manifold and X a vector field on L. For a, /3 G A* (L), 
set 


(5.1) {a, f} = CxOL A f — a A Cxf 

where Cx is the Lie derivative. Then (A* (L), d, {•, •}) is a DGLA. 


Proposition 3. Let L be a manifold and ^ C T (L) an integrahle co-orientable 
distribution of codimension 1. Let be a differentiable family of deformations 

of such that is co-orientable and integrahle for every t € I and let (if^Xt) a 
DGLA defining couple for such that t i-A {i^,Xt) is differentiable on I. Denote 
X = Then 

6a + CyI a 7 = 0 


7 = 7o. a= 


where 


d = d + { 7 , •} 


and {•, •} is defined in 

In particular 6a (F, W) = 0 for every vector fields V, W tangent to 


Proof. Since 

7 t {Xt) = (7 “f 6- o (t)) {X + tY + o (t)) = 1 + t (of (Ai) + 7 (F)) + o (t) = 1 
it follows that 


(5.2) a(X) + 7(y)=0. 

Denote a (t) = i^® Xt G A^M ®TM. By Corollary [2] and Lemma [9] the canonical 
solution of the Maurer-Cartan equation in {V* (L) ,[•,•], 1) associated to a (t) is of 
finite type 0 for each t, so [a (t), a (t)]jrAt = ^ every t. We have 

a if) = If® Xt = {1tao{t)) ® {XtYo{t)) 

= 1 ® X 1 {a ® X1 ®Y)off) 

and 


[cr (t) , cr {t)]jrx- = [7 O 7 g X]j,^ -\-2t{[i®X,a®X-\-i® Y]j,j^) Yoff). 
By Lemma [TUI [7 g Ai, 7 g X]jrj^ = 0 , so 

[cr ff ), CT ff)\jrM = 2t{[i ® X,a® X + 1 ® Y]j,j^) + o (t) = 0 
and it follows that 


(5.3) 


[7gA:, agA: + 7g Y]jrx- = 0. 
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But Proposition [T] gives 

[j ® X,a® X]jrj^ = ^ f\ Cxa ® X — Cxi X — {d'^/\ Lxa® X + Lxl/\da ® X) 
= — {i,a} ® X — a{X) di ® X — da ® X 

(5.4) = -5a®X -a{X)di®X 

and 

[l ® X,i = 1 A Cxi ®Y - CyI Ai ® X 

—di A Lxl ®Y — lyI Adi ® X 
= 7 A ixdi ®Y — CyI Ai ® X 
—di ®Y — 1 (y) di ® X. 

By using Lemma [TO] it follows that 

(5.5) [7 0 y, 7 0 y]jrN' = -^^Yl Ai® X — 1 (Y) di® X 

and by (lOI) . (El (ESI and (15.21) we obtain 

—5a — {a (X) + 7 (y)) di — CyI A 7 = —5a — CyI A 7 = 0. 

□ 


6. Levi-flat deformations and nonexistence oe Levi-flat 

HYPERSURFACES IN CP2 

6.1. Notations and setting. In this paragraph we will use the following setting 
and notations which follow [7]: 

Let M he a complex manifold and L a hypersurface of class in M, k ^ 2; 
then there exists r & (M), dr ^ 0 on L such that L = {z € M •. r (z) = 0} and 

set j : L ^ M the natural inclusion. As dr 7 ^ 0 on a neighborhood of L in M we 
will suppose in the sequel that dr ^ 0 on M. 

We denote by J the complex structure on M and let 7 = j* (d}r), djr = —Jdr. 
The Levi distribution T (L) D JT {L) = ker 7 is integrable if and only if L is Levi 
flat and we will suppose in the sequel that L is Levi-flat. 

Let 5 be a fixed Hermitian metric on M and Z = gradgr / || 5 radgr||^. Then the 
vector field X — JZ \s tangent to L and verifies 

7 (X) = d}r(JZ) = l. 

Definition 14. For a given defining function r, we will fix this DGLA defining 
couple and we will call ( 7 ,W) the canonical DGLA defining couple associated to 
the Levi foliation on L. When its dependence on the defining function r has to be 
emphasised, we will say the canonical DGLA defining couple associated to r. 

We will give now a parametrization of real hypersurfaces near a given hypersur¬ 
face L and diffeomorphic to L as graphs over L: 

Let 17 be a tubular neighborhood of L in M and tt :U ^ L the projection on L 
along the integral curves oi Z. As we are interested in infinitesimal deformations 
we suppose U = M. 

Let Q =C^ (L;M) and a G Q. Denote 

La = {z € M : r (z) = a (tt (z))} . 
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Since Z is transverse to L, La is a hypersurface in M. Consider the map : 
M ^ M defined by (p) = q, where 

( 6 . 1 ) TT{q) =TT (p ), r{q) = r{p)+a (tt {p)) . 

In particular, for every x € L we have 

(6.2) r ($a (a::)) = a (a:) . 

is a diffeomorphism of M such that (L) = La and . 

Conversely, let di e W C Dif f (M), where U is & suitable neighborhood of the 
identity in Dif f {M). Then there exists a € Q such that (L) = La- Indeed, for 
X € L, let q{x) € (L) such that tt {q (x)) = x. By defining a{x) = r {q (x)), we 

obtain ip (L) = La- 

So we have the following: 

Lemma 12. Let & Li. There exists a unique a € Q such that di (L) = La- 
If c is a constant in a suitable neighborhood I of the origin in ffi. we define 

L^ = {z € M : r(z) = c}. 

For every x G L and every a G G we have 

(6.3) (x) = n 

where rz,x is the integral curve of Z passing through x. 

Set TT^ : M ^ L^ the projection on L‘^ along the integral curves of Z. It is 
obvious that 

— L, 7r° = TT, 

TT o 7r° = TT for every c G I. 

For every c G I and every w G M we have 

(6.4) TT^{w) =Tz,wfiL‘^ 

and in particular ($a (w)) = Tz^<s,^{w) H = tt'^ { w ) for every a GG,i. e. 

(6.5) 7r“ o <i)„ = 7r°. 

By (|6.3I1 and (16.411 it follows that for every x G L, we have also 

(6.6) (x) = Fz,, n (x). 

Let a G G such that La is Levi-flat, i.e. TLaCi JTLa is integrable. We will now 
define a DGLA defining couple for a foliation on L diffeomorphic with the Levi 
foliation on La'. 

Set ja : La ^ M the natural embedding, ra = r — a o tt and rj^ = j* {dLra) G 
{La). Therefore La = {z G M ■. Xa = 0} and r o^a = r + a o tt. Since kerry^j = 
TLaCiJTLa, we may consider {r]a,Ya) the canonical DGLA defining couple for the 
Levi foliation on La associated to ra. So by setting 7 ^ = (pa) G A^ (L) and 
Xa = (®a (Ya) G U (L), we have 7 ^ (A^) = I. 

Since kerr;,^ is integrable, it follows that ker 7 ^ is integrable and so ( 7 ^, A^) is a 
DGLA defining couple for the integrable distribution ker 7 ,j CTL. 
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6.2. Levi-flat deformations. We recal that in the sequel we use the setting and 
the notations of the previous subsection: so, for a given Levi-flat hypersurface L in 
a complex manifold M, we will fix a defining function r, a Hermitian metric g on 
M, the canonical DGLA defining couple ( 7 , AT) for the Levi foliation associated to 
r , X = JZ, Z = gradgv/ \\gradgr\\^. Also, ioi a G Q and c € K, we will use the 
meaning of Lo, ^> 0 , ja, Ta, ? 7 q, 7 ^, Xa, L^, defined before. 

Definition 15. A Levi-flat deformation of L is a differentiable family {La^)^^■^_^ 
e > 0, where is a differentiable family in Q and ag = 0, such that for 

every t €.] — e,e[, La-t is a Levi-flat hypersurface in M. 

The purpose of this section is to show that if a Levi-flat deformation of a compact 
Levi-flat hypersurface L in a complex manifold is given by a family of 

functions in Q, then the function p = is constant on every minimal set for 

the Levi foliation of L. 

Lemma 13. Let z G M and set c = r {z) G I. Then for every W G T^M we have 
W = (W) -h (dr (z) (W)) Z (z). 

Proof. Since z G L^, we have 7 r° (z) = z and so the mapping 7 r° ^ : T^M -G TzL‘^ 
is the orthogonal projection on by means of the metric induced by g. This 

implies that 


But 

and thus 


W = (W) + 


{W,Z(z))^ 

{Z(z),Z(z))g 


Z(z). 


Z = gradgr/ Wgradgrf^ 


{W,Z(z))^ 

{Z{z),Z{z))^ 


(W, gradgr (z))^ = dr (z) (W). 


□ 


Corollary 4. For every x G L, V G T^M and a G Q we have 

(6-7) (V) = 4:^ (V) + (da (x) (V)) Z ($„ (x)). 

Proof. Let x G L fixed and V G T^L. Since <ha |l : L —>■ La is a diffeomorphism, 
e (La) c © M [Z ($a (x))]. By Lemma 

m 

( 6 . 8 ) ($a),,, (V) = < 5 ) (($„),,, (V)) + dr (($a),,, (F)) ^ ($a (x)) . 

But by (|6.2I) r \l = 0 . and it follows that 

(6.9) dr (($a),., (V)) ={d{ro ci>a |l ) (x)) (1") = da (x) (V). 

Moreover, by (|6.5I) . for every c G I we have o $a = and therefore by (16.61) 
we obtain 

(6-10) ((<I>a),., (V)) = (F) . 

By replacing (16.91) and (16.101) in (16.81) the Corollary is proved. □ 
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Corollary 5. For every x € L, V € TxM and a € Q we have 

la (x) (V) = d^Va (x) {V) . 

Proof. We have 

7 ,(x)(y) = ( 17 J (x) (F) = r?, (x) ( 1 /)) 

= U: (^) ((^a),,, {V)) = (d^r,) (x) ((ja),,($a). 

By Corollary 0] it follows that 

la (x) {V) = {d^'ra) (x) {V) + {da (x) (C)) Z ($a (a 

Since (jo)* $ (^x) (x))) = 0 and {V) € T^^(x)La the Corollary follows. 

□ 

Proposition 4. Let L be a Levi-flat hypersurface of class in M, k ^ 2, and let 
(ot)te]-ee[ ^6 ® differentiable family in Q which defines a Levi-flat deformation of 
L. Setp=d^^^^^. Then 


dla 


dt |t=o 


= -d^p. 


Proof By Corollary [Sj for every t g] — £, e[, 

( 6 . 11 ) 

lat (^) = d‘'ra, (x) (C)) 

and it follows that 


^la, (x) (P)|t=o 

= J^{d"raAx)i<{xiV)))^^^^ 

( 6 . 12 ) 

= 1 (^)) + d‘'r (x) 

We have 

TT 0 7r“‘ = 71, 

SO 

TT^ 0 TT^ 

and 

d , „ , d7r“* 

d( °=-r. = 0 . 


In particular for x G L and V € TxL, 

( dK% 


7T ^ 


\ dt 


(C) = 0 


|t=o 


and it follows that 


dTT?* 


dt 


' (C) = A,,yZ(x), A,.v gR. 

|t=0 


d'^r (x) — (<% {V)) = Xxyd’^r (x) Z (x) = 0 


Therefore 
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and from (j6.12|) we obtain 
d 
dt 

But 

dt 




dVa. (x) {V) . 


t^o 


d‘'rat ) (x) (V) = 

|t=0 


(d^(r-at 0 7r)|j^o)^ (x) (V) 


_^c ( d{at on) ^ ^ 


dt 


|t=o 


duf 


dt 


= Hr OT (x)(y) 


|t=0 


= -d‘'p{x){V) 


and the Proposition is proved. 


□ 


We recall the following 

Definition 16. Let X be a smooth manifold and T a foliation of X. A subset 
A C X is invariant by T if every leaf of T which has a nonempty interseetion with 
A is contained in A. A subset DJI C X is a minimal for T if it is a minimal for 
the set of non empty subsets of X which are nonempty, closed and invariant by T 
ordered by inclusion. 

Remark 7. Every compact invariant subset by a foliation T contains a minimal 
for F. 

The following Proposition is a rigidity property for Levi flat deformations and 
represents a key step towards the proof of the nonexistence of Levi-flat hypersurfaces 
in CP„: 


Proposition 5. Let at € G, be a Levi-flat deformation of L. Set 7 = 7 q, 

(1) For every vector fields V,W on L tangent to the Levi distribution we have 

(6.13) {dd‘^pLxdj A d‘^p) {V,W) = 0. 

(2) Suppose that L is compact and let Wl be a minimal set for the Levi foliation 
of L. Let p be a real valued function on L verifying id. 1,9)) . Then p is 
constant on DJI. 


Proof. (1) Set 


dla 


dt |t=o 

Let y, IT G X (L) tangent to the Levi foliation. By Proposition|31 , we have 

Sa (V, W)=0 

and by Proposition |4] 


-6a {V, W) 


dd'^p (y W) = {dd‘=p + { 7 , d^p}) (y W) 
ddfp (y W) + {Cx"i A df^p — 7 A Cxd‘^p) (V, W) 
ddLp (y W) + {Cx"i A Jdp) (y W) 
ddLp (y W) + {ixd'y A d'^p) (y W) = 0. 








24 


PAOLO DE BARTOLOMEIS AND ANDREI IORDAN 


(2) Set A = supp (x) and let itT = {x G : p{x) = A}. 

Let X € K. From (16.131) it follows that p verifies on the leaf of the 
Levi foliation through x a second order elliptic equation of the form 


2 rt-l 

Ap+ ^ 


i=l 



where n = dime M, (xi, • • •, X 2 n-i) are local coordinates of in the neigh¬ 
borhood of X, A is the Laplace operator and Ci are functions of class 

The restriction of p to Lx has a maximum at x. By the strong maximum 
principle of Hopf (see [16], [12]), p\L^ is constant on a neighborhood of x 
in Lx- It follows that the set {x £ Lx '■ p(x) = A} is open and closed in 
Lx and thus p is constant on Lx- In particular Lx G K and therefore K is 
invariant by the Levi foliation. By minimality, K = Wl and the proposition 
is proved. 

□ 


6.3. Nonexistence of Levi-flat hypersurfaces. 

Proposition 6. Let L be a Levi-flat hypersurface in a complex manifold M, L = 
{z G L : r (z) = 0}, r £ {M)> k Z, dr Q. Let Y be a holomorphic vector 

field on M and be the flow of Y. We denote the family of Q which 

gives the Levi-flat deformation (^))(g/ of L and p^ = • Then 

p^ = {Y,gradgr)g . 

Proof. Let p be a fixed Hermitian metric on M and Z = gradgr / UprodgrH^ , where 
r is a dehning function of L. For every z in a neighborhood of L we have 

(6.14) (^) = « (^)) , 

For every t G I there exists of G G such that 

(6.15) vl/f (L) = (L). 

By (16.21) . for every x G L, 

(6.16) a( (x) = r (x)) . 

From (I6.15P it follows that for every x G L, there exists a unique y {t, x) G L such 
that 

(6.17) (x) = (y(t,x)). 

In particular, from (16.141) . for every x G L we have 

(6.18) X = (x) = 4-^ {y (0, x)) = y (0, x) 

and 

(6.19) 4-^, = IdTL, 

'i/Y* being the derivative of . 

By (16.171) we have 

(x) = ivifx)) = iyit,x)) + ((^'D, {y{t,x))) o iy*,x{t)) 
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and by (16.1411 and (|6.18|1 we obtain 

(6-20) ^^ar(2^)|t=o = ^(^^(2/(0,a:)))(a::)o2/*,x(0) 

= F (x) + (0). 

By (I6.16L for every x € L 

r {^aY (a:)) = af (a^) = tp^ (x) + o{t), 

which implies 

p'' {P) = dr (4..r = dr (X) (x)|,.„) 

and by (16.201) we obtain 

(6.21) (x) = dr (x) (Y (x) + (0, x)). 

Since (0, x) € T^L it follows that 

p^ (x) = dr (x) {Y (x)) = {Y (x), gradgr (x))^ . 

□ 

Remark 8. We point out that we identify holomorphic vector fields with their real 
part, i. e. with those vector fields Y satisfying [V,Y] + J[JV,Y] = 0 for every 

V &n{M). 

Remark 9. The conclusion of Proposition\^ is also valid for a deformation of a 
codimension 1 integrable distribution on a hypersurface N in a smooth manifold 
X, if the deformation is given by the flow of a smooth vector field on X. 

We will use the following elementary 

Lemma 14. Let x,y two distinct points of CPn, v G Tx{C]Pn),w G Ty(CP„). 
There exists a holomorphic vector field Y on CP„ such that Y (x) = v, Y (y) = w. 

Proof. Let A G Home and Ft = exptA, t G K. Ft induces an au¬ 
tomorphism Ft of CPji. Let TT : {0} —)• CPn the canonical projection. Con¬ 

sider the holomorphic vector field Y on CP„ defined by Y (tt (x)) = 

X G C”d^\ {0}. Since 

it follows that Y = tt^A. It suffices to choose A such that 7^.^xA (x) = v and 
7r.,yA(y) = w. □ 

The main result of this paper, who’s proof is similar to the proofs of Theorem 4 
and Theorem 5 of [3, is the following: 

Theorem 6. There are no Levi-flat hypersurfaces in CP„ for 2 and fc ^ 3. 

Proof. Let L he a Levi-flat hypersurface in CP„. We consider SOI a minimal 
set for the Levi foliation of L, which is a non empty compact subset of L invariant 
by the Levi foliation. Let xq , yo be distinct points of SOI. By Lemma [14] there 
exists a holomorphic vector field F° on CP^ such that F° (xq) = 0 and F° (yo) = 
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(gradgr) {yo)- Let the flow of Then^'L]^° (L)^ is a Levi-flat deformation 


of L and let 


Y° da 

P = 


(«r”) 


be a family in Q defining this Levi-flat deformation of L. Set 


dt |t=0 


tel 

. By Proposition [6] 


( 6 . 22 ) 


p'^° = {Y°, gradgr) 


and by Proposition [S] the function p^° is constant on 9Jl. Since (xq) = 0, by 
(16.221) it follows that = 0. But p^ {yo) = \\gradgr (j/o)||g 7^ 0 and this gives a 
contradiction. □ 


The proof of Theorem [5] gives also the following 

Corollary 6. Let M be a complex manifold such that for every distinct points x,y 
of M and every v € (M) ,wGTy (M), there exists a holomorphic vector field Y 

on M such that Y {x) = v,Y (y) = w. Then there are no Levi-flat hypersurfaces 
in M. 


Remark 10. If we suppose that L is a real analytic Levi-flat hypersurface in CPn, 
by [21] there exists a holomorphic foliation Tl on CPn extending the Levi foliation 
on L and by D. Cerveau’s dichotomy L is an exceptional minimal for Th- So, 
in this case, the contradiction in the proof of Theorem[^ is obtained by the fact that 
p^ is constant on L. 

Acknowledgement 1. We would like to thank M. Adachi who noticed some inex¬ 
actitudes in the first version of our paper. 
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